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To any smooth complex projective variety X are associated an abelian 
variety Alb(X) of dimension q(X) := h x (X, &x), its Albanese variety, and a 
morphism ax '■ X — > Alb(X), the Albanese map, which are very useful tools 
to study the geometry of X. 

Kawamata proved in [K] that when the Kodaira dimension k(X) is zero, 
the Albanese map is an algebraic fiber space, which means that: 

• ax is surjective; 

• the fibers of ax are connected. 

This kind of result (especially the second part) yields for example birational 
characterizations of abelian varieties: X is birational to an abelian variety if 
and only if k(X) = and q(X) = dim(X). 

However, the vanishing of k(X) is not an effective condition (it means 
that the plurigenera P m (X) := h°(X,ujx) are all or 1 when m > and 
that one of them is 1). It is therefore natural to try to prove the same result 
with weaker and effective assumptions on the plurigenera of X. 

For the surjectivity of ax, this was done in a series of articles initiated 
by Kollar ( |Kolj ). followed by Ein and Lazarsfeld ( |ELj ) and later by Hacon 
and Pardini ( |HPj ) and Chen and Hacon ( |UH4j ). who proved that ax is 
surjective if < P m (X) < 2m — 3 for some m > 2, or if Ps(X) = 4. We put 
here the finishing touch to this series by proving the following optimal result 
(Theorem 12. 8p . 

Theorem Let X be a smooth complex projective variety. If 

< P m (X) < 2m - 2 
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for some m >2, the Albanese map ax '■ X — > Alb(X) is surjective. 

When C is a smooth projective curve of genus 2, we have P m (C) = 2m— 1 
for m > 2. However ac '■ C — > Alb(C) is not surjective. This example shows 
that without other assumptions, our bound is optimal. 

As far as connectedness of the fibers of the Albanese map is concerned, 
they were no previous results in that direction. The main purpose of this 
paper is to show that there exists a similar effective criterion for the Al- 
banese morphism to be an algebraic fiber space. More pecisely, we prove the 
following optimal bound ( Theorem 13 . 1 1 and Theorem I3.3j) . 

Theorem Let X be a smooth complex projective variety. If -Pi (A) = 
P 2 (X) = 1, or if 

< P m (X) <m-2 

for some m > 3, the Albanese map ax '■ X — > Alb(A) is an algebraic fiber 
space. 

Hacon and Pardini show in |HP] that for varieties with Ps(X) = 2 and 
q(X) = dim(A), the Albanese map ax '■ X — » Alb (A) is a double covering. 
Hence ax is surjective but does not have connected fibers. Furthermore, 
P m (X) = m — 1 for any odd m > 3. From this example, we see that our 
result is optimal to a large extent. 

As mentioned above, this criterion yields a numerical birational charac- 
terization of abelian varieties by adding q(X) = dim(A) to its hypotheses. 
The results and constructions developed here also lead to explicit descrip- 
tions of varieties with q(X) = dim(A) and small plurigenera, in the line of 
the series of papers [CHlj . [CH4] . [HPj . and [HI J. For example, we can get 
a complete description of varieties with = 2 and q(X) = dim(A). We 

will come back to this in a future article. 

1 Preliminaries 

In this section we recall several theorems which will be used later. Through- 
out this article, we work over the fied of complex numbers and we denote 
numerical equivalence by =. 

Vanishing theorem. We state a result of Kollar ( [Kolj . 10.15), which was 
generalized later by Esnault and Viehweg. 
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Theorem 1.1 (Kollar, Esnault-Viehweg) Let f : X — >■ Y be a surjective 
morphism from a smooth projective variety X to a normal variety Y . Let 
L be a line bundle on X such that L = f*M + A, where M is a Q-Cartier 
Q-divisor on Y and (X, A) is kit. Then, 

a) W f*{oJx ® L) is torsion free for j > 0; 

b) if in addition, M is big and nef, H t (Y, R> ® L)) = for alii > 
and all j > 0. 

Cohomological support loci. These were first studied by Green and 
Lazarsfeld for the canonical bundle in |GLlj and |GL2j . through their generic 
vanishing theorems. Simpson also contributed to the subject ([S]). 

Let X be a smooth projective variety and let & be a coherent sheaf on 
X . The cohomological support loci of & are defined as 

Vi(X, ^) = {Pe Pic°(X) | W(X, & ® P) ^ 0}, 

which we often write as Vi(JP). 

GV-objects. These were first considered by Hacon in [H2J and systemati- 
cally studied by Pareschi and Popa in [PPj . In this paper, we just need to 
consider GV-sheaves with respect to the universal Poincare line bundle. 

Definition 1.2 A sheaf on X is called a GV- sheaf if 

codim Pic o (x) Vi(&) > i 

for alii > 0. 

Let ax '■ X — > A be the Albanese map of X; then Pic°(X) is isomorphic 
to the dual abelian variety A. Let M be an ample line bundle on A. We 
denote by M its Fourier-Mukai transform, which is a locally free sheaf on A 
(see |Mu] ) . Let 4>m '■ A — > A be the standard isogeny induced by M; then 
<p* M M y ~ H°(M) (g) M. Consider the cartesian diagram: 

X -^U X 

a x a x 

A A 

Hacon proved the following theorem in [H2J (it was later generalized by 
Pareschi and Popa in [PPj Theorem A): 
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Theorem 1.3 Let ^ be a coherent sheaf on a smooth projective variety X. 
If H l (X, tp* M ^ ®a*~M) = 0, for alii > and any sufficiently ample M, then 
& is a GV- sheaf. 

Finally, the following elementary lemma from |HP] will frequently be 
used. 

Lemma 1.4 Let X be a smooth projective variety, let L and M be line bun- 
dles on X, and let T C Pic°(X) be a subvariety of dimension t. If for some 
positive integers a and b and all P G T, we have h°(X,L <g> P) > a and 
h°(X, M <g> P" 1 ) > b, then h°(X, L <g> M) > a + b + t - 1. 

2 When is the Albanese map surjective? 

In this section I use the language of asymptotic multiplier ideal sheaves. 
However many of the ideas come from |Kolj . |HP] . and |H2j . 

Lemma 2.1 Suppose that f : X — )■ Y is a surjective morphism between 
smooth projective varieties, L is a Q-divisor on X , and the Iitaka model 
of (X,L) dominates Y. Assume that D is a nef Q-divisor on Y such that 
L + f*D is a divisor on X . Then we have 

H\Y, R j f,(0 x {K x + L + f*D) <g) J? {\\L\\) ® Q)) = 0, 

for alli>l,j>0, and all Q G Pic°(X). 

Proof. Let m > be such that mL is a divisor and ^ {\\L\\) = J? {±\mL\) 
([L], §11.2). Let if be a very ample divisor on Y. By assumption there exists 
an integer t > such that \tmL — f*H\ is non-empty. Let fi : X — > X be a 
log resolution such that: 

fjL*\tmL\ = \L\\ + a jFji 

i 

li*\tmL-f*H\ = \L 2 \+J2 b iFi, 

i 

where \Li \ and \L 2 \ are base-point-free, a,Fj and ^ b{Fi are the fixed divi- 
sors, and Yli Fi + Exc(fi) is a divisor with simple normal crossings (SNC) sup- 
port. Since f{\\L\\) = Jii\™ L \), we also have J{\\L\\) = f {±\tmL\\ 
hence 

J{\\L\\)=n*6x<{K x , lx - 



tm 



4 



Take 



B x = D 1 + J2 

a,iFi G fi*\tmL\ 

i 

B 2 = D 2 + J2biFie»*\tmL-f*H\ 



where Di e \Li\ and D 2 G \L 2 \ are general elements, so that B\ + B 2 is a 
divisor with SNC support. We then show that for k > large enough, 



(2) 



fcfli + B 2 




Ei a i F i 


_(k + l)tm_ 




tm 



It is obvious that 







Ei(A:a< + h)Fi 


(A; + l)tm_ 




(k + l)tm 



We write ^ = m ; + Sj 



with uij = I ^-J . Then, 



Ei 



Because if is very ample on Y, we have bi > aj. Write hi = + q, with 
c, > 0. Then, 



E (kaj + hi) 
(k + l)tm 1 



E ((fc+ l)Oj + Ci) 
(Jb + l)tm i 



^J(mj + ^ + 



(& + l)tm 



Since < Si < 1, we can let k > be large enough such that Sj + ^ k ^ tm < 1, 
and this implies (j2j). Then by local vanishing (|Lj. Theorem 9.4.1), 



R j f*(0x(K x + L + f*D) ® ^(||L||) ® Q) 



(k + l)tm 



+ SQ)), (3) 



for all j > 0. We also have 

,. , /•'/'. + / •> _> 
/i*L + /i*f D - 



(k + l)tm_ 

* T , * * kL L H f kBi + B 2 \ 



# , „ f kBi + B 2 



(A; + l)tm 



(k + l)tm J ' 
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So Theorem 11.11 gives us that 

k R I p 

H i (Y,rt(fo^ x ,(K x ,+n*L + n*rL- +fSQ))=0, 

for all z > 1, all j > 0, and all Q G Pic°(X). By ([3]), this proves the lemma. 

□ 



The following lemma is essentially Proposition 2.12 in [HPJ. I use Lemma 
12.11 to make the proof a little bit simpler. 

Lemma 2.2 Let f : X — > Y be a surjective morphism between smooth pro- 
jective varieties and assume that the Iitaka model of X dominates Y. Fix a 
torsion element Q G Pic°(X) and an integer m > 2. Then h°(X,ujx <8> Q <8> 
f*P) is constant for all P G Pic°(F). 

PROOF. We consider h°(X,cj^ <g> Q ® f*P) as a function of P G Pic°(Y). 
Let P G Pic°(F) be such that h°(X,u^ g> Q g> /*P ) = /i is maximal. We 
are going to prove that 

/i°(X, w^®Q® /*P ® /*P) = h, 

for any torsion P G Pic°(y). Since Po + {torsion points} is dense in Pic°(y), 
we then deduce the lemma from semicontinuity. 

Let Pi, P 2 , and Q x be such that Pf = P , P 2 m = P and Qf = Q. From 
the properties of asymptotic multiplier ideal sheaves ([L], Theorem 11.1.8), 
we know that 

p°(x,c^®Q®rp ®rp) 

= H°(X, u^®Q® f*P ® /*P ® ^(IK ® Qr ® /* A™ ® f*P?\\)) 
= H°(X,co^ ®Q® f*P ® /*P ® ^(H^- 1 ® ® /*Pr _1 ® /*P 



* zym—l 
2 



Since P is a torsion point, there exists N > such that P N = Gy. For k > 
large enough and divisible, we have 

^(ii^r 1 ® ^r 1 ® r^r 1 ® r^ii) 
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for alH > 0. Hence we have 

H°(X,u)%®Q®f*P ®f*P) 
= H° (X, w ™ ® Q ® f*P ® /* P ® ^ ( | lo;™" 1 ® Q™~ 1 ® fP^ 1 | | )) 

= #°(y, f.(u}% ® gr 1 ® /*iT -1 ® /(ii^r 1 ® Qr 1 ® r^r -1 id 
®gi®/*Pi®/*p)). 

We then apply Lemma O (the Iitaka model of (X, w™" 1 ® ® f*p™~ 1 ) 
dominates K by assumption) to get that 

is the constant h. □ 

Lemma 2.3 Suppose that f : X Z is an algebraic fiber space between 
smooth projective varieties. Assume that P m (X) ^ 0, for some m > 2, that 
H is a big Q-divisor on Z , and that K is a nef Q-divisor on Z such that 
Hi = H + K is a big and nef divisor. Then, 

1) we have 

W(Z,Wf t (t? x (K x + (m- l)K x/z + fH x ) 

® f{\\{m - l)K x/z + f*H\\)) ® P) = 0, 

/or all i > I, j > and a// P e Pic°(Z). 
^ £/ie s/iea/ 

U(ff x {K x + (m - 1)X X/Z ) ® ^(IKm - l)K x/z + 
/ias rank P m (X z ), where X z is a general fiber of f . 

Proof. The point here is the weak positivity of f*(^ x Jz), due to Viehweg 
( [V2] Theorem 4.1 and Corollary 7.1, or [Kol] Proposition 10.2). There are 
two conclusions: 

A. the Iitaka model of (X, (m — l)K x /z + f*H) dominates Z and 
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B. there exists k > sufficient big and divisible such that the restriction: 
H°(X, & x (km(m-l)K x/z +kmf*H)) -+ H°(X Z , Xt (km{m-l)K Xt )) 
is surjective, where z G Z is a general point. 



By A, we can directly apply Lemma [2. II to deduce item 1) in the lemma. 

We take a log resolution r : X — > X such that the restriction r z : X z — > 
X z is also a log resolution for sufficiently general z G Z (see [L], Theorem 
9.5.35) and fix such a point z G Z. Set 



1: 



• T*\km(m — l)K x /z + kmf*H\ 

• r*\mK Xz \ = \L 2 \ +E 2 , 

where \L%\ and \L 2 \ are base-point-free, E\ and E 2 are the fixed divisors, and 
E\ + Exc(r) has SNC support. We have 



E\\ x > -< k{m - l)E 2 



(4) 



/ 



by B. Let / : X — > X — > Z be the composition of morphisms. Then / is 
flat over a dense Zariski open subset of Z. Hence the sheaf 

" E 1 " 



has rank 



h\X' z ,0 x ,(mK x , 



m - 1)t*K x/z 
E x 



km 



)) 



km 



We have the following inclusions 



\ x A)=p m (x z ). 



/*t* x ' (AV + (m - l)r*A x/z - ) 

C f*{0 x (K x + (m - 1)A X/Z ) ®j?{\\{ m - l)K x/z + /*//||)) 
C f,(0 x (m,K x )) ® ^ z (-(m - 1)A Z ). 

Since the latter sheaf has rank P m (A z ), the middle sheaf f*(t? x (K x + (m — 
l)K x/z ) ® J{\\{m - 1)K X/Z + f*H\\)) also has rank P m {X z ). □ 
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Under the assumptions of Lemma 12. 3\ we fix a big and base-point-free 
divisor H . For n > 0, we set 

= ^(||(m-l)^x/z + V#||) 

By Lemma 12. 3[ J^ m _i in has rank P m (X^) > 0. These sheaves were first 
considered by Hacon in [H2J. 

Lemma 2.4 We have ^ m -\,n ^ j/m-i^+i an< ^ ^ere exzsfo iV > sitcA that 
for any n > N, one has & m -i,n — <^m-i,N- We will denote by & m -\,n the 
fixed sheaf ^ m -i,N ■ 

Proof. We may suppose that k > is such that the linear series \k(n + 
l)n{{m-l)K x/z + lf*H) \ and \k(n+l)n((m-l)K x/z + ^-J* H)\ compute 

$ m— l,n <Mld jfi m — 

1,11+1, respectively. Let r : X — > X be a log resolution for 
both linear series. We can write 

r*|A;(n + l)n(m- + k(n + l)f*H\ = \L l \+E 1 , 

r*\k(n + l)n(m-l)K x/z + knf*H\ = \L 2 \ + E 2 , 

where L\ and L 2 are base-point-free and E% and E 2 are fixed divisors. Since 
H is base-point-free, we have E 2 >z Ex. By the definition of asymptotic 
multiplier ideal sheaves, J? m -\,n 3 ^m-i,n+i- 

Take if i very ample on Z such that Hi — H is a nef divisor. Then by Lemma 
12.31 we have 

H l (Z, h{ff x {K x + (m - l)i^/z) <g> f m -i,n) ® 0z(H x )) = 0, 

for i > 1. Using Hacon's argument in the proof of Proposition 5.1 in [H2J, 
there exists N > such that for n > N, the inclusion 

/*(^x(X x + (m - 1)X X/Z ) ® Jf m ^ N ) ® Z {H X ) 
D + (m - l)AT*/z) sg) ,/ m _i, n ) ® ^z(tfi) 

is an equality. This implies that the inclusion 

/,(^(^ + ( m -l)^ /z )®/ m ., JV ) D /*(^x(i^+(m-l)i^/z)®^ m _i, n ) 
is again an equality. □ 
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Lemma 2.5 Under the above assumptions, namely f : X — )■ Z is an al- 
gebraic fiber space between smooth projective varieties and P m (X) ^ with 
m > 2, we suppose moreover that Z is of maximal Albanese dimension and 
that H is a big and base-point- free divisor on Z pulled back from Alb(Z). 
Then & m -\,n is a nonzero GV-sheaf. 

Proof. We apply Theorem 11.31 Let M be any ample divisor on Pic°(Z). 
We have cartesian diagrams as in ([1]): 



X 


v M 


X 


I 






f 




z 


<PM 


z 


a z 










Pic°(Z) 


<t>M 


Alb(Z) 



where horizontal maps are etale. By Theorem 11.2.16 in [L], for any n > 0, 

^(|i(m-l)^ /z + Vff^ 
hence by flat base change 

V* M f*(0x(K x + (m - l)K x/z ) ® f(\\{m - l)K x/z + ^f*H\\)) 
= K(0 x (K x + (m- l)K x/2 ) ® J{\\{m - l)K x/2 + ^f^ M H\\)). 
It follows that 

<PM^ m -x,H = U0 x (K x + (m-l)K x/2 )®jr(\\(m-l)K x/S + lf* ip * M H\\)) 

for all n ^> 0. Since if is a divisor pulled back by a z , we can take n such 
that na\M — ip* M H is nef. Then Lemma 12.31 gives us the vanishing of 

H\Z,<p* M ^ m ^ H (g)a* 2 M), 
for all i > and we are done. □ 
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Lemma 2.6 In the situation of Lemma \2.5L denoting by az '■ Z — )■ A the 

Albanese morphism of Z , we have R? az*(^m-i,H) — 0, for all j > 0. Hence 

Vi(& m -1,H) = Vi(a Z *(&m-l,H)), 

for alii > 0. 

Proof. Suppose that R t a z *(^ m -i l H) ^ for some t > 0. Let ifi be a 
ample divisor on A such that 

H k {A,Wa z ^ m ^ H ) ® &a{Hi)) = 
for all /c > 1 and j > and 

H^AR^z^^h) ® A (H X )) ± 0. 

By the Leray spectral sequence, we have 

H t (Z,& m - 1 , H ®0 z (a* z H 1 )) ^0. 

Since if is pulled back from A, we may take Hi such that a^-f/i — H is 
big and nef, then by Lemma [231 we have H\Z, & m -\,H ® &z(a* z Hi)) = 0> 
which is a contradiction. Thus R?az*{^ m -\ ,h) — for all j > 0. For any 
P e Pic°(Z), we have H\Z^ m ^. H ® a* z P) ~ H*(A, az*(^m-i,H) ® P), 
hence V-^-i.^) = ^K(^m-ij)) for all i > 0. □ 

Corollary 2.7 TTie cohomological support Vo(^ m -i,H) is not empty. 

Proof. By Lemma [231 & m -i,H is a GV-sheaf, hence ([H2J, Corollary 3.2) 

V {& m -iji) D Vi(^ m _i,^) D • • • D V^m-i,//). 

If Vb(^m-i,if) is empty, Vi{& m -\,ii) is empty for all i > 0, hence 

® a^P) = a^^_i jH <8) P) = 0, 

for alH > 0. By the properties of the Fourier-Mukai transform on an abelian 
variety (see |Muj ) . az*^m-i,H — 0. However this is impossible since az is 
generically finite and ^ m -i.H is a sheaf with positive rank. □ 
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Theorem 2.8 Let X be a smooth projective variety. If 



< P m (X) < 2m - 2, 
for some m > 2, the Albanese map ax '■ X — > Alb(X) is surjective. 



Proof. If ax is not surjective, by Ueno's theorem ([M], Theorem (3.7)), 
upon replacing X by a birational model, there exists a surjective morphism 
f\ : X — > Z\ onto a smooth variety Z\ of general type of dimension d > 
such that Z\ — > Alb(Zi) is a birational map onto its image and Z\ — > 
F(H°(Zi, & Zl (K Zl ))) is a map generically finite onto its image. Obviously, 
Pk(Zi) > ( d ^ k ) for all k > 1. Taking the Stein factorization and making 
birational modifications, we may suppose that there is an algebraic fiber 
space / : X — >• Z such that Z is a smooth variety of general type and of 
maximal Albanese dimension d, and Pk(Z) > for all k > 1. 

We let if be a big and base-point-free divisor pulled back by the Albanese 
morphism a z '■ Z — > Alb(Z). By Corollary 12. 7\ V§{^ m -\,H) is not empty thus 
there exists P G Pic°(Z) such that h°(Z, ^ m -i,H ®P)>1. Hence 

h°(X, e x {K x + (m - l)K x/ z) ® f*P) > 1. (5) 

On the other hand, we have h°(X, @x{{m - l)f*K z )) > ( d + m 7 1 ). We get 

h°(X, @x{mK x ) ® f*P) >( d + m ~ l \. (6) 

\ m — 1 / 

Since Z is of general type, the Iitaka model of (X, K x ) dominates Z because 
of ©, hence we apply Lemma Oto get h°(X, @ x {mK x )) > (^T 1 )- 

If dim(Z) = d > 2, then P m (X) > { m + l ) > 2m - 1, which is a contradic- 
tion. 

If dim(Z) = 1, P m {X) = h°(Z,f^oj^ /z ) ® lo%). As in Corollary 3.6 in 
|Vlj . f^(u^^ z ) is a nonzero nef vector bundle on Z hence has nonnegative 
degree. By the Riemann-Roch theorem, we obtain P m (X) > 2m — 1, again 
a contradiction. □ 



Remark 2.9 The proof follows ideas of Kollar's ( |Kolj ). later improved by 
Hacon and Pardini. Briefly speaking, Kollar proved that P m (X) > P m ^2{Z) 
and Hacon and Pardini used the finite map 

\(m-2)K z + P\ x \Kx + (m-l)K x/ z + K z -f*P\ \mK x \, 
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where P G Pic°(Z), to give a better estimate of P m (X). However, the 
dimension h°(Z, €?z{kKz)) grows very fast with k, so my starting point was 
to prove P m (X) > P m -x(Z) by applying the theory of GV-sheaves. 

Corollary 2.10 Suppose that < P m {X) < (^™) for some m > 2 and 
d> 1. Then n{ax{X)) < d. 

Proof. It is just ([6]) in the proof of Theorem 12.81 where by Ueno's theorem 
d is the Kodaira dimension of ax(X). □ 

3 When does the Albanese map have con- 
nected fibers? 

Ein and Lazarsfeld in |EL] gave another proof of Kawamata's theorem based 
on the generic vanishing theorem. Their proof is actually very close to an 
effective result. With the help of a proposition of Chen and Hacon, we prove 
the following: 

Theorem 3.1 Let X be a smooth projective variety with Pi(X) = -P2PO 
I . The Albanese map ax '■ X — > Alb(X) is an algebraic fiber space. 

Proof. Let A be the Albanese variety of X. The Albanese morphism is 
already surjective by [HPJ. Suppose that it has non-connected fibers. We 
start with the Stein factorization of ax and, resolving singularities and inde- 
terminacies, we can assume that ax admits a factorization 

X 4 V A A, 

where b is a generically finite non birational morphism, g is surjective with 
connected fibers, V is smooth and projective. Since ax is the Albanese 
morphism of X, V is not birational to an abelian variety. Thus V is of 
maximal Albanese dimension and by Chen and Hacon's characterization of 
abelian varieties ( jCHlj . Theorem 3.2), we have PziV) > 2. We set dim(X) = 
n and dim(V) = dim (A) = d. 

Since Pi{X) = P 2 (X) = 1, G V (X,u x ) is an isolated point ([EE]. 
Proposition 2.1). Hence G Vo(V, g*cux ) is also an isolated point. By Propo- 
sition 2.5 in |CH3] . for any v 7^ in H 1 ^, Gy\ the sequence 

H°(y,g.u x ) ^ H\V,g*u x ) -)-••■ H d (V,g*u x ) 
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is exact. Since b is surjective, we may, through the map b*, consider H 1 (A, iff a) 
as a subspace of H x (y, Gy). Then, as in the proof of Theorem 3 in [ELJ, we 
have an exact complex of vector bundles on P = P(H 1 (A, 6a)) = P rf_1 : 

H°(V, g.u x ) ® ^p(-d) ->• ^(V, (8) 0p(-d + 1) • • ■ 

► H d (V,g*ou x ) <8> ->• 0. 

Take (t> 1; . . . , t> rf ) a basis for ^4). By chasing through the diagram, we 

obtain that 1 d > g*ux) is an isomorphism. 

By Theorem 3.4 in |Ko3j . 

H d (x,u x ) ~ 0ir(F,i? d -W)- 

Hence we have 

ff°(^*) A "f> ^(^^) 

By Hodge conjugation and Serre duality H d (X,u x ) — H°(X,Q x ~ d ). We 
will denote by E C H°(X,Q x - d ) the nonzero subspace corresponding to 
H d (V,g*u x ) C H d (X,u x )- Let (rji, . . . ,r] d ) in #°(yl, f^) be the conjugate 
basis of (t>i, . . . ,Vd). By Serre duality and Hodge conjugation, we get from 
the above diagram that 

E H°(X,cox) 

is an isomorphism. Since rji A ■ ■ • A rjd is a nonzero section of Ify, we have 
•Kx h g*K V - We deduce P2PO > P2CV) > 2, which is a contradiction. □ 



The proof of Theorem 13.11 is closely related to Green and Lazarsfeld's 
generic vanishing theorem, which is Hodge-theoretic. Meanwhile Theorem 
12.81 relies heavily on the weak positivity theorem of Viehweg. It is natural to 
ask whether we can use the ideas in section [2] to prove other criteria to tell 
when the Albanese map is an algebraic fiber space. 
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We again let A be AVo(X). Suppose that ax '■ X — > A is surjective but 
has non-connected fibers. We take the Stein factorization and obtain that 
ax factors as X A V — > A where V is normal and finite over A with, again 
P2{V) > 2. The problem here is that we cannot expect the image of the 
Iitaka fibration of V to be of general type. 

Fortunately, a structure theorem for varieties of maximal Albanese di- 
mension due to Kawamata (Theorem 13 in [K]) tells us that the situation is 
still manageable. 

Theorem 3.2 (Kawamata) Let b : V — > A be a finite morphism from a 
projective normal algebraic variety to an abelian variety. Then n(V) > 
and there are an abelian subvariety K of A, etale covers V and KofV and 
K respectively, a projective normal variety W , and a finite abelian group G, 
which acts on K and faithfully on W , such that: 

(1) W is finite over A/K, of general type and of dimension ^(V"), 

(2) V is isomorphic to K x W , 

(3) V = V/G = (K x W)/G, where G acts diagonally and freely on V. 

The construction of W and V is crucial for our purpose so I will recall 
the proof of this theorem following Kawamata. 

Let 5 : V — > V be a birational modification of V such that V is smooth 
and there exists a morphism h : V — >■ W such that W is also smooth 
and h is a model of the Iitaka fibration of V. Then a general fiber V , of 
h is smooth, of Kodaira dimension 0, and generically finite over an abelian 
variety, hence by Kawamata's theorem, V , is birational to an abelian variety 
and (bo S)(V' ,) is then an abelian subvariety of A, denoted by K w l Since w 
moves continuously, K w > is a translate of a fixed abelian subvariety K G A 
for every w G W . Let n : A — > A/K be the quotient map. 

Consider the Stein factorization 

7T o b : V \ W ^ A/K. 

Since general fibers of fi are contracted by n o b o 5, hence by h o 5, the map 
h o 5 factors through h by rigidity, and we get the following commutative 
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diagram: 



V 



-> V 



finite 



(7) 



6vk 
finite 



A/K 



where is normal, by/ is finite, h : V W has connected fibers, 5 and 8' 
are birational, and Vq and Wo are the images of V and in A and A/if 
respectively. 

By Poincare reducibility, there exists an isogeny A/K — > A/K such that 
A x A / K A/K ~ K x A/if. We then apply the etale base change (•) x A / K 
A/K — > • in the diagram (J7J) and get the following commutative diagram: 



V 



fiber 
space 



w 



V 



w 

in- 



finite 



finite 



in- 



finite 



K X A/if 



A/K 



where Wo is some connected component of the inverse image of Wo in A/K, 
V is some connected component of Vx Vo V , W is some connected component 
of W x Wo Wo, and all slanted arrows are etale. 
Let us look at 



V 



w 



finite 



hv 



^KxWo 



finite 



Wo. 



A general fiber of h is an etale cover of a general fiber of h hence an etale 
cover of K, thus isomorphic to an abelian variety K. 
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The morphism b is etale over a product K x U for U a dense Zariski 
open subset of W : 

b 



h-\U) 

smooth 

u — 



o 



The group if acts on V — K x Wo, and on K x C/ - The infinitesimal 
action corresponds to vector fields, which lift to b~ x {K x U ) because b is 
etale there. 

This induces an action of K on = b~ l (K x Uq) hence a rational 

action on V. Let k E K and let k e K be ^ts image. Let T C V x V and 
r C V x Vq be the graphs of the actions of k and k respectively. We have 



V x V f- 

(6,6) 

Vo x Vo * 



(8) 



jr 



"> Vb, 



where (6, b) is finite and pri is an isomorphism. We see that pri is finite and 
birational hence an isomorphism because^ is normal. Thus the jiction of k 
is an isomorphism. So K acts on V and b is equivariant for the if-action on 
V and the K- action on Vq. 

Set G\ = K/K. For y e Wo general, we have 



hence 



deg& = tJCn • deg&w 

Set W^o = & _1 (A; x Wo) for k G if general. Then Wo is normal and G\ 
acts on W (W may be not connected). We have a diagram: 

deg6:l 

W ► k x W 

dcgb w :l 

W >W , 
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hence Wo/d = W. 

Note that G\ acts on K x Wq diagonally and freely (because the action 
is free on K). By the if-action, we have a morphism (p : K x Wq — > V and 
there is a commutative diagram: 



KxW 



+ V 



finite 

W > W. 



Thus (fjs finite because any contracted curve is in some K x w but because 
of the if-action, this is impossible. 

From the diagram, we have a finite morphism K x Wq — > V x^ Wq. Since 
it is birational over U, it is an isomorphism. Hence 

V = (V x w Wq)/G 1 = (Kx V?o)/Gi. 

We then let W be a connected component of Wq and let V — K x VT. Then 
F is still a Galois etale cover of V . There exists a commutative diagram: 



V ► K x A/K 

I l_ 

V > X x A/K 

I I 

V > A. 

We then conclude that V is a connected component of V x^ (if x A/K). Let 

G 2 be the finite abelian group (K x A/K) /A. Then V = K/G = (K x 1?)/G, 
for some quotient group G of G2, where G acts diagonally. Since any quotient 
of if by a subgroup^ of G is still an abelian variety, we may assume that G 
acts faithfully on W. 

A crucial fact is that W is of general type because 

K (W) = k(V) = k(V) = dim(W) = dim(V?). 
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We put everything in a commutative diagram: 

Galois etale 



V = K x W 

h=pr 2 




w 



w 
Galois 



finite 



b w 
finite 



(9) 



A/K. 



We are now ready to prove the main theorem. 

Theorem 3.3 Let X be a smooth projective variety. If 

< P m (X) < m - 2, 

for some m > 3, the Albanese map ax '■ X — >• A is an algebraic fiber space. 

Proof. By Theorem I2.8[ ax is already surjective. Suppose that it has non- 
connected fibers. Again we have the Stein factorization ax '■ 
where g has connected fibers, V is normal, and b is finite not birational. 
Applying the above description of the structure of V in (JTj) and (JS}, we get 
the following commutative diagram: 




(10) 



A/K, 



where n x is etale Galois with Galois group G, V = W x K, and W is of 
general type. 

There exists a dense Zariski open subset U of W such that U and b^~~(U) 



are smooth and hog and hoTj are smooth over U and b^(U) respectively. 
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Through Hironaka's resolution of singularities, we can blow up W and X 
along smooth subvarieties of W — U and X — {h o g)~ l (U) respectively and 
assume that W is smooth. Similarly, let W\ and X\ be the smooth projective 

varieties obtained by blowing-up W and X x v V along subvarieties of W — 

b^(U) and X x v V — (b^ oho 'g)~ 1 (U) respectively such that we have the 
following commutative diagram: 




where W\ is of general type, bw r is generically finite and e is the blow-up of 
X x v V. We write 

K Xl = tt* Xi K x + E, 

where E is an effective exceptional divisor for irxn fi{E) is a subvariety of 
W.-b^U), and 

where P x G Pic°(X) is the torsion line bundle corresponding to % G G*. 

In order to prove the theorem, we will need to treat two cases, k(W) > 
or k(W) = 0. The strategies of the proofs are the same so I will treat the first 
case in detail and explain how very similar arguments work for the second 
case. 

Lemma 3.4 Let X be a smooth projective variety with P m (X) > for some 
m > 2. Let f : X — > W be as above. The Iitaka model of (X, (m — l)Kx/w + 
f*Kw) dominates W. 

Proof. We use the same notation as above. In pip , we already know that 
W\ is of general type so by Viehweg's result (see the proof of Lemma 123]) , 
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the Iitaka model of (Xi, (m — l)K Xl / Wl + fi^Wi) dominates W\. On the 
other hand, we can write 

(m - l)K Xl/Wl + f*K Wl 



7T 



X 



^(m - l)K x/w + f*K w ) - (m - 2)f*K Wl/w + {m- l)E. (12) 



Since K^/w is effective, the Iitaka model of (X l5 7r^- ((m— l)i^x/iy+/*-^iy) + 
(m — 1)-E) dominates Wi. Hence for any ample divisor if on W, there exists 
iV > such that w* Xi G x (N((m - l)K x/w + f*K w ) -f*H)® G Xl (N(m - l)E) 
has a nonzero section. Since 7r Xl *ff Xl (N(m — 1)E) = 7r Xl *0 Xl is a direct 
sum of torsion line bundles, there exists k > such that kN((m — 1)K X / W + 
f*K w ) — kf*H is effective. Therefore the Iitaka model of (X, (m — 1)K X / W + 
f*K w ) dominates W. □ 



Since K w is not necessarily big, we cannot directly apply Lemma 12.31 
But we still have: 



Lemma 3.5 Under the assumptions of Lemma 3.4, the sheaf 

U#x{K x + (m - l)K x/w + f*K w ) <g> J(\\{m - 1)K X/W + f*K w \\)) 

is nonzero, of rank P m (X w ), where X w is a general fiber of f . 

Proof. We use the diagram ( ITTj) . Since W\ is of general type, as in Lemma 
12. 3\ by Viehweg's result, there exists k > such that for w\ a general point 
of W\ and X m C X\ the fiber of fx, the restriction: 

H°(X U Xl (km(m-l)K Xl/Wl +kmf*K Wl )) -> H°(X m , & Xwi (km(m-l)K Xwi 

is surjective. Since Ky/ 1 /w b 0, by f fT2|) . we have 

H°(X U Xl (km(m - l)K Xl/Wl + kmfiK Wl )) 
C fT°(Xi, ^ Xl (fcm(m - l)n Xi K x/w + kmjc x J*K w + km(m - 1)E)). 

Since E is ir Xl -exceptional, we conclude that 

\km(m — l)ir x Kx/w + kmn Xi f*K w + km(m — l)E\ 
= \km{m — 1)it Xi K x / w + kmir Xl f*Kw\ + km(m — 1)E. 
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We also know that fi(E) is a proper subvariety of W\. These imply that the 
restriction: 

H°(X U Xl (km{m - l)n* Xi K x/w + kmn x J*K w )) 

^H°(X Wl ,0 Xwi (km(m-l)K Xwi )) (13) 

is surjective. 

Set w = bwi(wi), and let X w be the fiber of /. In the following diagram 

*x\r l (u) — >r\u) 

bw\(U) >U, 

all the morphisms are smooth. Hence 7i Xwi — t^X\ \x wi '• X W1 — y X w is 
etale and the pull-back of H°(X W , <ff Xw (km(m — l)K Xw )) is a subspace of 
H°(X Wl ,0 Xwi (km(m-l)K Xwi )). 
On the other side, we have 

H°(X 1 , Xl (k(m - 1)tt Xi K x/w + kit x J*K w )) 
= (&K Xl H O (X,0x(k(m-l)K x/w + kfK w )®P x ). (14) 

Let M be the order of G. Take a resolution r : X' — > X such that r : X' w — > 
X w is also a resolution and 

• r*\Mkm(m - 1)K X/W + Mkmf*K w \ = \H\ + E M , 

• T*\<ff x (km(m-l)K x / w + kmf*K w )®P x \ = \H X \+E X , for each \ £ G*, 

• r*\km(m- l)K Xw \ = \H W \+ E w , 

. T*\mK Xw \ = \H' w \+E' w , 

such that H, H x , H w , and H' w are base-point-free and E Ml E x , E w , E' w are 
the fixed divisors, with SNC supports. 

Let X l be a smooth model of the main component of X\ x x X (the irre- 
ducible component that dominates Xi). We have the following commutative 
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diagram: 



n 
h 

Wx- 



<>Wi 



■+x' 



->w. 



Let U\ = X\ — E. Then ir Xl is etale on U\, hence U\ x x X' is irreducible 
and smooth. Since }\{E) is a proper subvariety of W\, we can assume that 
there exists a divisor E of X l such that X 1 — E is just U\ x x X and 
f\T\{E ) is a proper subvariety of W\. Let X be the fiber of f\T\. Then 



7T V 



7T, 



: X„, — >■ X„ is Galois etale. We have another commutative 



diagram involving morphisms between fibers: 



X 



Wl 



ctalc 



1:1 



1:1 



101 



ctalc 



We then write 

T*\km(m - l)ii Xl K x /w + kmn x J*K w \ 
= \-K Xl T*(km(m — 1)K X / W + kmf*K w )\ 

= \h'\ + e[, 

where E[ is the fixed divisor. Let F be the maximal divisor which is ^ 
E x for all x e G*. By (JUD, tt*,F ^ ^. Hence, by (USD, we conclude 

that tt*,.F|^-/ is fixed in T±\km(m — l)K Xwi \ and in particular is fixed in 

ir* x , T*\km(m-1)K X J, soir* Y ,F 



I X,, 



< 7r* , E w . Since n x ' 



is etale, we have 



7T 



(*1 



1 



X,,,. 



-< 7T 
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We conclude that F\ x > ^ E w . 

Since for any x G G*, we have the natural multiplication 

H°(X, & x (km(m - l)K x/w + kmf*K w ) g> P X ) 0M 

& x (Mkm(m - l)K x/w + Mkmf*K w )), 

we obtain ^ MF, hence Em\x' ^ ME W ^ Mk(m — l)E w . This is just 
01]) in the proof of 2) of Lemma |273| and we can then finish the proof as there. 

□ 



We may write Lemma 13.51 in a more general form: 

Proposition 3.6 Assume that we have the following commutative diagram 
between smooth projective varieties: 

7Tx i 

X x '-^X 



h 



f 



W x l -^W, 

where P m (X) > 0, the morphism ttx 1 is birationally equivalent to an etale 
morphism and its exceptional divisor E is such that fi (E) is a proper subva- 
riety ofW\, ttx 1 *0x 1 = ® a P& is a direct sum of torsion line bundles on X, 
W\ is of general type, and bw 1 is generically finite and surjective. Then the 
sheaf 

U#x{K x + (m - l)K x/ w + f*K w ) ® J (\\{m - l)K x /w + f*K w \\)) 
is nonzero, of rank P m (X w ), where X w is a general fiber of f . 



According to Lemma 13.51 

&x = w*(^(^+(m-i)K X / W +r^)®^(ii(m-i)^x/ W +r^ii))) 

is a nonzero sheaf on A/K. By Lemma \2. II and Lemma T3.4[ it is an IT-sheaf 
of index 0. 

Let &x be the Fourier-Mukai transform of &x- By the properties of 
this transformation ( [Mu] . Theorem 2.2), we know that &x is a W.I.T- 

sheaf of index dim(A/K) and its Fourier-Mukai transform &x is isomorphic 
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to (—1a/k)*^x- In particular, & x 7^ 0. Therefore, by the Base Change 
Theorem and the definition of the Fourier- Mukai transform, there exists Pq G 
Pic°(A/K) such that h°(A/K, & x <g> P ) ^ 0. Thus for any P G Pic°(A/K), 

h°(A/K, & X ®P) = X (^x ® P) = X(^x ® Po) = h°(A/K, & X ®P Q )>1. 
Hence for any P G Pic (A/K), we have 

h°(X, G X {K X + (m - 1)K X/W + f*K w ) ® /*6^P) 

> h°(X, X (K X + (m - 1)K X/W + f*K w ) <g> 

^(||(m - 1)AT X/W + /*AV||) ® f*b* w P) 
= h°(A/K,b w ,f>(t? x (K x + {m- l)K x/w + f*K w ) g> 

t /(||(m-i)^ /w + r J fr w ||))®p) 

> 1. (15) 



Lemma 3.7 Lei X and be as in Lemma HTJ. Suppose re(W) > 0. 
Then for any r > 3 ; there exists a translate T C Pic°(A/K) of a positive- 
dimensional torus, such that 

h°(W, w ((r - 2)K W ) ® b* w P) > r - 2, 

for all P eT. 

Proof. Since k{W) > 0, there exist a positive-dimensional abelian sub- 
variety T C Pic°(A/K) and a torsion point P G Pic°(A/K) such that 
b* w (P Q + T ) C V (uw) ( [CH2] . Corollary 2.4). Then we iterate Lemma O 
to get /i°(W, 0W((r - 2)A» ® b* w P) > r - 2, for all P G (r - 2)P + T . □ 



If «(W) > 0, since mK x =K x + (m- l)K x/w + f*K w + {m- 2)f*K w , 
again by (|15p . Lemma [3. 71 and Lemma [1.4[ we obtain 

P m (X) > 1 + m - 2 + dim(T) - 1 > m - 1, 

which contradicts our assumption. Hence we have finished the proof in the 
case k(W) > 0. 



25 



If k(W) = 0, in the diagram (TTU|) . bw is surjective and finite and k(W) = 
0, hence W is an abelian variety by Kawamata's Theorem 13.21 We still 
have (fT5j) . however Kw is trivial, hence it is not enough for us to deduce a 
contradiction. We will need new versions of Lemma 13.41 and Lemma 13.51 

First we go back to diagrams f lTUl) and ffTT|) : 




1 




— » 


91 








7TVJ 








— > 


hi 










-4 




where Vj is birational to K x W\. 

Since 7Tvi : Vi — > V is birationally equivalent to the etale cover V — > V, 
we have ir Vl *u)y 1 = @ xeG »(ixv <g) P x ). On the other hand, V\ is birational to 

if x Wi, hence huUv 1 = uw x - Therefore, we have 

b Wl *u Wl = (J) K(u v <g> P x ). 
xgg* 

Since bw 1 is generically finite and W\ is of general type, by Theorem 2.3 
in |CH2j . we know that the irreducible components of Vo(&vvi* w Wi) gener- 
ate Pic°(W / ). Hence there exists a x 6 G* such that Vo(/i*(cov eg) P x )) is a 
translated positive-dimensional abelian subvariety of Pic°(W). We denote 
h^iujv <S> P x ) by & x . Since a general fiber of h is an abelian variety, ^ x is a 
rank-1 torsion-free sheaf. 

We can again birationally modify X so that f*^ x ls a nne bundle on X. 
We then have the following result similar to Lemma 13.41 



Lemma 3.8 Under the assumptions of Lemma 3.4 
k(W) = and let & x be as above. Then the Iitaka model of (X, (m 
(m — 2)f*^ x ) dominates W . 



assume moreover that 
l)K x - 



Proof. The proof is analogue to that of Lemma [3.41 We have 
7r* Xl {(m - l)K x - (m- 2)f*& x ) + (m - l)E 



(16) 



[m 



l)K Xl/Wl + f*K Wl + (m - 2)f*K Wl - (m - 2)** X J*& 
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Since J^ x C bw^Wu we have an inclusion b^ & x •— > uiwi, hence an inclusion 

(m - 2)f*b* Wl 3? x = (m - 2)7c* x J*^ x ^ (m - 2)f*u Wl . 

Using Viehweg's result as in the proof of Lemma I3.4[ we obtain that the 
Iitaka model of 7r Xl ((m — 1)K X — (m — 2)/*# x ) + (m — 1)E dominates W\. 
We finish the proof by the same argument as in Lemma 13.41 □ 

We also need an analogue of Lemma 13.51 
Lemma 3.9 Under the same assumptions as in Lemma \3. S\ the sheaf 

U& x {mK x - (m - 2)/*jy ® J? {\\{m - l)K x - (m - 2)f\9 x \\)) 

is nonzero of rank P m (X w ), where X w is a general fiber of f . 

Proof. It is also parallel to the proof of Lemma [3.51 First, by Viehweg's 
result again, we have the surjectivity of the restriction map: 

H°(X U Xl {km{m - l)K Xl/Wl + kmf*K Wl )) 

-+ H°(X W1 , Xwi (km(m - 1)K X J). 

Since E is ir Xl -exceptional and (m - 2)f£K Wl h (m — 2)n Xi f*^ x , by (TT6]) . 
we have the surjectivity of the restriction map: 

E\X x X x e Xl ikm{m - l)K x - km(m - 2)j\? x )) 

-± H\X W1 , Xwi (km(m - l)K Xv>i )). 

Then the rest of the proof is the same as the proof of Lemma 13.51 □ 

By Lemma 13.81 and Lemma 13. 9[ we again conclude as in ffl5|) that 
h°(X, e x {mK x - (m - 2)f\9 x ) ® f*P) > 1, 

for any P G Pic°(W). 

As in the proof of Lemma 13. 7\ there exists a translate T C Pic°(W) of 
a positive-dimensional abelian variety such that h°(X, G x [(m — 2)/*jF x ) <g> 
f*P) > m — 2, for any P G T. We again have P m (X) > m — 1, which is a 
contradiction. This finishes the proof of Theorem 13.31 in the case k(W) = 0. 

In all, we have finished the proof of Theorem 13.31 □ 
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